Abstract. In this paper, we study the upper bound of the time decay rate of solutions to the Navier-Stokes equations and generalized Navier-Stokes equations with damping term |u| β−1 u (β > 1) in R 3 .
Introduction
We study the Cauchy problem for the 3D Navier-Stokes equations with damping where u = u(x, t) = (u 1 (x, t), u 2 (x, t), u 3 (x, t)) ∈ R 3 and p = p(x, t) ∈ R are unknown velocity field and pressure respectively. The above two systems, which describe porous media flow, friction effects or some dissipative mechanisms and so on, are of interest for various reasons. The fractional power of the Laplace transform (−∆) α ≡ Λ 2α is defined through Fourier transform (see [10] )
It was Cai and Jiu [1] who first gave the physical background and studied the wellposedness of system (1) in 3D case. Later, Zhou [14] improved the results in [1] . There are also some papers concerned with the decay of solutions for system (1) . By using Fourier splitting method(see [8, 9] ), Cai and Lei [2] 
and β > 7 3 , the decay of weak solutions has a uniform rate
Jia, Zhang and Dong [4] supposed that β ≥ 10 3 and e ∆t u 0
obtained the L 2 decay rate for system (1):
} .
In addition, Jiang [5] used Fourier splitting method to extend the above two results, obtained the decay estimate
and β ≥ 3. Latterly, by using Zhou's method(see [13] ), Jiang and Zhu [6] established the decay rate (4) for u 0 ∈ H 1 (R 3 ) and β ≥ 3.
It is worth pointing out that if ν = 0 in system (2), we obtain the generalized NavierStokes equations [11, 12] . In [1] , Jiu and Yu studied the decay of solutions to the 3D generalized Navier-Stokes equations. Supposed that 0 < α < 5 4 and
with max{1,
} ≤ p < 2, the authors showed that the decay of the solution is
Recently, Duan [3] improved the above result to the case 0 < α < 2 and
Analyze the above results, we find that there's no result on the systems (1) and (2) with β < 3. Can we establish the decay rate of solutions for systems (1) and (2) when β ∈ [1, 3)? It seems as an interesting question.
In this paper, we consider the time decay rate of solutions to systems (1) and (2). The motivation is to understand how the parameter β affect the time decay rate of its solutions. Here, we contrast with the generalized heat equations, study the decay rate of solutions for systems (1) and (2), establish the
β ≥ 1. More precisely, we have the following two results
} for large t.
and ∇ · u 0 = 0. Then, for the solution u(x, t) of system (2) , there exists a positive constant
Remark 1.3. Fourier splitting method is introduced by Schonbek in 1980s (see [8, 9] ), then it becomes a standard way (also a powerful tool) to establish decay rate of solutions. In 2007, Zhou introduced a new method (see [13] , some people called Zhou's method) to handle decay rate problems. One can refer to [13, 15, 5, 6] (1) and (2) with β ∈ [1, ∞).
Proof of Theorem 1.2
Since Theorem 1.1 is one special case of Theorem 1.2. We only prove Theorem 1.2 in this paper.
For the Cauchy problem of generalized heat equation
we have the following space-time estimates:
Lemma 2.1 (see [7] ). Let 1 ≤ r ≤ q ≤ ∞ and u 0 (x) ∈ L r (R 3 ). Then, for α > 0 and µ > 0, problem (8) satisfies the following estimates:
and
Take w(x, t) = u(x, t) − v(x, t). Then w solves the equations
w(x, 0) = 0. Now, we give the proof of Theorem 1.2.
Proof of Theorem 1.2. Multiplying both sides of Equation (12) by w, integrating over R 3 ,
we deduce that
We have
and (15)
Combining (13)-(16) together gives (9) and (10), we have the following estimates
From (17)- (18), we obtain
Note that α ∈ (0, 5 4 ) and u L 2 ≤ C. Just as [5] , using Fourier splitting method, we have
Then, (11) and (20) gives
We now use this first preliminary decay to bootstrap, trying to find sharper estimates. Combining (19) and (21) together gives } , ∀t > 1.
So (11) and (23) gives } , ∀t > 1.
If we bootstrap once again, the decay rate is also the same to (24), there is no improvement. Then, the estimate (24) is optimal, this concludes the proof of Theorem 1.2.
